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A COUNTEREXAMPLE TO THE COMPOSITION
CONDITION CONJECTURE FOR POLYNOMIAL ABEL
DIFFERENTIAL EQUATIONS
JAUME GINE´, MAITE GRAU AND XAVIER SANTALLUSIA
Abstract. The Polynomial Abel differential equations are con-
sidered a model problem for the classical Poincare´ center–focus
problem for planar polynomial systems of ordinary differential equa-
tions. Last decades several works pointed out that all the centers
of the polynomial Abel differential equations satisfied the compo-
sition conditions (also called universal centers). In this work we
provide a simple counterexample to this conjecture.
1. Introduction
These last decades some authors consider polynomial Abel differen-
tial equations as a model to tackle the center problem for a trigonomet-
ric Abel differential equation coming from a planar polynomial systems
of ordinary differential equations, see [6, 7, 8]. We denote as a polyno-
mial Abel differential equation an ordinary differential equation of the
form
(1)
dy
dx
= p(x)y2 + q(x)y3,
where y is real, x is a real independent variable considered in a real
interval [a, b] and p(x) and q(x) are real polynomials in R[x]. The center
problem for a polynomial Abel equation (1) is to characterize when all
the solutions in a neighborhood of the solution y = 0 take the same
value when x = a and x = b, i.e. y(a) = y(b). In this framework, given
any real continuous function c(x), we denote by c˜(x) :=
∫ x
a
c(σ)dσ and
we will say that a real continuous function w(x) is periodic in [a, b] if
w(a) = w(b).
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Alwash and Lloyd in [4] provided a sufficient condition for an Abel
trigonometric equation
(2)
dρ
dθ
= a1(θ)ρ
2 + a2(θ)ρ
3,
where ρ is real, θ is a real and periodic independent variable with
θ ∈ [0, 2pi], and a1(θ) and a2(θ) are real trigonometric polynomials, to
have a center in [0, 2pi]. We recall that the center problem for equation
(2) is to characterize when all the solutions in a neighborhood of the
solution ρ = 0 are periodic of period 2pi. Inspired by this work, Briskin,
Franc¸oise and Yomdin in [6] provided the following sufficient condition
for the polynomial Abel equation (1).
Theorem 1. [6] If there exists a real differentiable function w periodic
in [a, b] and such that
p˜(x) = p1(w(x)) and q˜(x) = q1(w(x))
for some real differentiable functions p1 and q1, then the polynomial
Abel equation (1) has a center in [a, b].
In [15] it is shown that if the sufficient condition stated in Theorem 1
is satisfied then there is a countable set of definite integrals which need
to vanish. In [15] it is also shown that this is equivalent to the existence
of a real polynomial w(x) with w(a) = w(b) and two real polynomials
p1(x) and q1(x) such that p˜(x) = p1(w(x)) and q˜(x) = q1(w(x)). This
sufficient condition is known as the composition condition.
To see that the composition condition implies that equation (1) has
a center in [a, b] one can consider the transformation y(x) = Y (w(x)) in
equation (1) in order to obtain the following Abel differential equation
(3)
dY
dw
= p′1(w)Y
2 + q′1(w)Y
3.
Hence, there is a bijection between the solutions Y = Y (w) of equation
(3) and the solutions y = Y (w(x)) of equation (1). Since w is periodic
in [a, b], we get that equation (1) has a center in [a, b] because y(a) =
Y (w(a)) = Y (w(b)) = y(b).
It turns out that all the known polynomial Abel differential equa-
tions which have a center in [a, b] satisfy the composition condition.
Hence in several works was established what is know as composition
conjecture, see [2, 19] and references therein. This conjecture says that
the sufficient condition given in Theorem 1 is also necessary. That is,
if a polynomial Abel equation (1) has a center in [a, b], the conjecture
states that the composition condition is satisfied. In fact in [18] this
conjecture was proved for lower degrees of the polynomials p(x) and
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q(x) of equation (1). Moreover is satisfied under certain restrictions
of the coefficients of the polynomial Abel differential equation, see for
instance [9], Theorem 2 in [3], Theorem 2 in [5] and Theorem 7 in [18].
For a trigonometric Abel differential equation (2), Alwash in [1]
showed that this conjecture is not true, see also [3, 13, 14, 17]. The
composition condition for a trigonometric Abel differential equation (2)
is that there exist real polynomials p1(x), p2(x) ∈ R[x] and a trigono-
metric polynomial ω(θ) such that a˜i(θ) = pi(ω(θ)), for i = 1, 2. Recall
that a˜i(θ) :=
∫ θ
0
ai(s)ds. The fact that ω(θ) and p1, p2 can be taken
to be polynomials is proved in [15, 16]. There exist several counterex-
amples of the fact that the composition conjecture is not satisfied in
the trigonometric case. The authors of [1, 3, 13] provide examples of
trigonometric polynomials a1(θ) and a2(θ) for which the correspond-
ing trigonometric Abel differential equation (2) has a center and does
not satisfy the composition condition. A survey of the last results for
polynomial and trigonometric Abel equations is given in [19].
The main result of this note is the following.
Theorem 2. The polynomial Abel equation (1) with
p(x) = 40x4 − 30x2 + 2, q(x) = 75x9 − 150x7 + 88x5 − 10x3 − 3x,
has a center and does not satisfy the composition condition.
In the following section we proof the main result of this note.
2. Proof of Theorem 2
System (1) with p(x) and q(x) given by statement of the theorem
has the invariant algebraic curves
f1 = (2 + 8xy − 24x
3y + 16x5y + y2 + 2x2y2 − 34x4y2
+88x6y2 − 87x8y2 + 30x10y2)/2,
f2 = (3 + 12xy − 42x
3y + 30x5y + 2y2 + 3x2y2 − 72x4y2+
202x6y2 − 210x8y2 + 75x10y2)/3,
f3 = 1 + 3xy − 8x
3y + 5x5y,
and the rational first integral H(x, y) = y2f 31 /f
4
2 . This first integral
satisfies that H(1, y) = H(−1, y) = y2 consequently this Abel trigono-
metric equation has a center. Moreover attending to the first integral
obtained system (1) with p(x) and q(x) given by statement of the the-
orem admits a type of first integral studied in [20] for Abel equations.
In particular corresponds to a case with five solutions, that is, n = 5.
In order to prove that this Abel equation does not satisfies the compo-
sition condition we must to recall the equivalence between composition
condition and the existence of a universal center, see [16].
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An explicit expression for the first return map of the differential
equation (1) was given in [10], see also [12]. This expression is given in
terms of the following iterated integrals, of order k,
Ii1,...,ik(λ) :=
∫
· · ·
∫
0≤s1≤···≤sk≤2pi
aik(sk) · · · ai1(s1) dsk · · ·ds1,
where, by convention, for k = 0 we assume that this equals 1. Let
y(x; y0;λ), x ∈ [a, b], be the Lipschitz solution of the differential equa-
tion (1) corresponding to a sequence λ = (λ1, λ2, . . .) of parameters
of equation (1) with initial value y(a; y0;λ) = y0. Then P (λ)(y0) :=
y(b; y0;λ) is the first return map of this differential equation, and in
[10, 12] it is proved the following:
Theorem 3. For sufficiently small initial values y0 the first return
map P (a) is an absolute convergent power series P (λ)(y0) = y0 +∑∞
n=1 cn(λ)y
n+1
0 , where
cn(λ) =
∑
i1+···+ik=n
ci1,...,ikIi1,...,ik(λ), and
ci1,...,ik = (n− i1 + 1) · (n− i1 − i2 + 1) · (n− i1 − i2 − i3 + 1) · · ·1.
The following definition is given in [11]. Equation (1) determines
a universal center if for all positive integers i1, . . . , ik with k ≥ 1 the
iterated integral Ii1,...,ik(λ) = 0. Moreover in [16] it was proved that
equation (1) has a universal center if and only if the composition con-
dition is satisfied.
System (1) with p(x) and q(x) given by statement of the theorem
has the iterated integral
I122 =
∫
1
−1
∫ x3
−1
∫ x2
−1
p(x1)q(x2)q(x3)dx1dx2dx3 = −
131072
6235515
.
Hence, we have a non universal center and this completes the proof.
In fact there is a straightforward way to see that system (1) with
p(x) and q(x) given by statement of the theorem does not satisfies the
composition condition. This consists in to see that the integral
∫
1
−1
p˜(x)q˜2(x)p(x)dx
is not null, where recall that now c˜(x) :=
∫ x
−1
c(σ)dσ.
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